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Bu maqalada bir ucdan sart va digor ucdan oynaqla baglanan prizmatik ¢ubuqlarmn fiziki
qeyri-xatti ani elastiki deformasiyasint nazara almagqla stiriincaklik prosesinda qabarma masalasi
tadqiq olunur. Farz edilir ki, laylar miixtolif materiallardan tagkil olunub va arasindaka kontakt sort
baglamadan ibaratdir (bels layihalondirilmis strukturlar kompozit va ya paket adlandurilir).

Mosala siirtincaklik problemlori iigiin isbat olunan qarisiq tipli variasiya prinsipinin Rely-
Ritz disulunun tadqiqi ilo hallina gatirilir vo alinmus diferensial tonlik adadi iisullarla hesablanr.

Agar sozlor: ¢oxlayli ¢ubuq, siiriincoklik, paket, kritik qiivve, kritik zaman, qeyri-
xottilik, variasiya metodu.

Masalanin halli
Forz edok ki, ¢ubugun uzunlugu /, qalinhig 24 va har bir laym qalinhigi
0, , laylarin say1 s vo her layin elastiklik modulu £, olsun. Belolikls, yaza bilorik:

S k k+
$8,=2h k=012..s-1 vo —h+¥5 <z<—h+35,
k=0 Jj=0

j=0
Homginin forz edirik ki, gubugun oxu koordinat sisteminin x oxu bo-

yunca yonalsin. Koordinat sisteminin z oxu en kosikdo ¢cubugun galinligi isti-

gamotinds vo y oxu ¢ubugun neytral tobagasinds yerlogsin (sokil 1).
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Sak. 1.

Cubuqda yaranan geyri-xatti deformasiyani (£"-n1) [3]-o asason asagi-
dak1 sokildo gotiirtirtik:
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o o
g = 1+ , n=24,0,.. (1)
Ek+l{ [O-l(c)ﬂj }

Burada &" qeyri-xotti deformasiya, o paketds xarici qiivvenin tasiri
naticosinda yaranan gorginlik vo o},, gorginliyin materialda siiriincokliyin ya-
randig1 anina uygun qiymatidir. Homginin » materiallarin geyri-xatti roftarini

miloyyon edon sabit qiymaotlordir.
Ogor (1)-ds verilon ifadoni zamana gora diferensiallasaq, alariq:

& = %{1 +(n+ 1)[%) } )

Homginin siirlincokliyin siiratini gorginliyin qiivvet funksiyasi soklinds
asagidaki kimi gotiirtiriik [1]:

p=4.,0", m=123,.. 3)

Burada A,m materialin eksperiment miisahidosi naticosinds xassoni

miioyyon edon sabit parametrlordir.
Ogor ¢ubugun deformasiyasini Bernulli-Eyler diisturuna uygun oldugu-
nu forz etsok, onda yaza bilorik:

s=U. 4 W2z, (4)

U,W - ¢cubugun neytral tobogosino uygun olaraq x vo z oxlar istiqa-

matindaki yerdoyigmoloridir. ,_ - uygun koordinata gors toromadir.

Ogoar (4)-ds verilmis ifadoni zamana gors diferensiallasaq alariq:
E=U +WW +zW (5)
Qaris1q variasiya prinsipi osasinda paketin birgo deformasiyasinin osa-
sinda funksional1 (/ =37, ) qabul edak (burada /, hor bir layin aralarindak:

sothi nozora almadan funksionalidir) vo (2), (3), (5)-do verilon ifadslordon
istifado etmoklo vo paketin deformasiyasinin zamana goro téromosini [1]-o

osason: £ =¢&" + p qobul edok, onun funksionalini asagidaki kimi yaza bilorik:

[h 1 1 Los—1 ta 62 - n
1=U(6«é+56Wf]dxdz—5ij {1+(n+1)(00 ] }dxdz—

—h 0 k=0 g, k+1 k+1

L os—1 g

-[> [ 6 pdxdz (6)

0 k=0 g,
burada paketin hondasasing osason inteqrallarin asagi vo yuxart sorhadlorindo
qeyd olunmus a,, a,,, asagidaki ifadslorls toyin olunur:

k+1

k
akz—h+28‘,, a,m=—h+Z:8j=ak+8k+1
j=0

Jj=0
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Cubugun oyintisi W vo xarici qiivvonin tosirindon yaranan dyici mo-
mentin M 1ifadolorini sokil 1-doki baglama sortlorino osason asagidaki ifado-
larle gabul edirik:

W =al(r) sme sin— 3 (1 - 7) (7)
X n RS
M = b(t) cosT-cosz[1—7j (8)

Uclardan oynaqla baglanan bircinsli prizmatik g¢ubugqlar {i¢iin gqabarma
masalasi [2]-ds hall edilmisdir vo paketin gqabarmasini onunla miiqayiss edirik.

Sabit sixic1 qilivve tosirindon ¢ubugun en kasiyinin ixtiyari noqtosindo
yaranan gorginliyi z koordinatinda (qalinliqda) xotti asili oldugu forziyyesi
daxilinds gabul etmoklo yaza bilorik:

O=—+—+" T = const 9
Vo ogor onu zamana goro diferensiallasaq alariq:
3Mz
= 10
20 (10)

Ogor (6)-daki funksionalina (10)-da verilmis ifadesini daxil etsok vo
funksionalin inteqralinin altindaki alinan ifadosini z -0 goro inteqrallasaq, asa-
g1daki ovozlomolordon istifads etmakla'

s—1 1 k1 s—l

p=>—1|[2dz, ¢ = j z”zdz @ . j Mgy (11)
’ =0E o SR Ekﬂ(éfﬂy k:O e
Vo cq—L (a+bz)P—an b’z
* g p-)!
yaza bilorik:
l—fMW dx+(i)fW2dx—l( —)? jM dx —
2 ST
n+1 n—i i+ 14
S (G ) e MM s~ (12)
- Z ( )'" J(2h3)’“(ﬂ,+1jMMfdx—

W.,M va onlarln X -9 vo t-o gora diferensiallarini, (12)-doki ifadoda
daxil etsok, sonra inteqrallarin asag1 vo yuxari sarhadlari olaraq 0 va 1-1 miiay-
yenlasdirsak asagldakl svazlemslari isara vermoklo

UL L
jMW dx, ¢, = szdx G = jde =[M’M'dx, ¢, =[MM’dx (13)
0 0

1+2

(12)-ds verilon funksionali asagidaki ifads ils vers bilorik:
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—7%ab T\ md? 1(3Y
1= 7 C1+( 2) ; 02—5(2hj(02blc3

. 1 T n—i 3 i+2
(S LaS el S 14
( ) z n l+2( Zhj (2}13) 1+2 ( )
. T m—j 3 j+1 -
—(bl)zc;cj+1(2h] [Ej b

. . ol
Bu morholado funksionalin ekstremumluq sortino osason, ;:0 \6)
a

%:0 tonliklorindon baslangic sortlor daxilinda, yoni A(0)=a(0)=0 olmaqla iki
diferensial sistem tonlik aliriq. Birinci tonlikdon

27 2 .-
ﬁzbc1 - ?wZ —0 voburadan b=—2Ta, (15)
¢

(15) baraborliyini sistemin ikinci tonliyindo nozoro almaqla yaza bilorik:

—7%c¢, ¢ 3 :
Ly 25 To, [+
{ . (2113) e
i+l T n—i 3 i+2
+ DI (=Dice T & - - v all-a-
wosevee.r (2] (5] () oo

” i—T m—j 3 j+l
—12(1 ,:,CNT’( J(Zhj [ﬁj a'g;, =0 (16)
j=

Homginin asagidaki dl¢iisiiz komiyyatlori segorok:

(a=hn, a= hn)[T %—Ew]

Eh
m, d 1 d h/
[T AETE r = AE" dtj’ (/_5) (1)
i+l
(_1);1 3i+3 [02) CnCHzEnH(DH.z
9,69, ) G =Y
4 25 2 pie3 i+2

mnAj+l c

(_1) 3 (C‘?] C]C/+1¢;+1
2m+1hj+2A1 j+l

vo bunlart (16) tonliyinde nozers alsaq, asagidaki Olglistiz komiyyatlorden

c
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ibarat olan diferensial tonliyi alariq:

Jgr —Fas +o®, +(n+ho"! ﬁjd)l:zn"
— i=0

d” a)m iq)c'ﬂnj
j=0

J

(18)

Kritik giivveni (a,.), d%ﬂ =0 sortindon toyin edirik vo ¢ubuga tosir edon

qiivvenin qiymatini kritik qlivveden kigik secirik (w<w,,). a,f,y vo u ilo
asagidaki ol¢iistiz komiyyatlori isaro edok

a=EE', p=55"y=0l0}), u= A4, 2=E@)y, e=h) (19
har bir «, B, y, 1 6lgiisiiz komiyyatlorden asili olaraq yerdsyismonin vo mo-
mentin amplitudlarim  n=2,m=35,s=3,s =s,, (E1 =E,,A=4,5=6, 0 = a;))
sorti daxilindo hesablayiriq vo adadi naticalori asagidaki codvellords togdim edi-
rik. (bu misalda 7=0.1 vo @, =7.30x10° vo @=3.11x107, 1=30Q £=0.05)

Cadval 1
y=025 p=4
a | 025 1,25 2,25 3,25
n" 0,121 | 0,124 | 0,127 | 0,129
Cadval 2
a=0.25 p=4
Y 10,25 1,25 2,25 3,25
n" 0,121 | 0,129 | 0,143 | 0,151
Cadval 3

a=y=0.25

B | 05 1,5 2,5 3,5
n" | 0,150 | 0,134 | 0,123 | 0,116

Ogor a = =y = u=1 olarsa, paket bircinsli gubuq olar. Birinci, elas-
tiki holli nozero almaqla 7-lar vo 7, hesablanir vo sonra w-lar vo @, vo
nohayotdo 7, asagidaki ifads ilo toyin olur.

n, =0,211

a=f=y=1 oldugda:
A=y 1 {a)kr =6,5x107"

91



=3,11x107
o=/ =y=pu=1 oldugda: {a) e va buradan 7, = 3,62 x 10"

n=0,131

Birinci, sokil 2-do verilmis qrafikde ogor  (E,/E,) artdiqca, yoni E,
azaldigca paketin ikinci lay1 zoifloyir. Birinci, o -nin boyiik qiymatlorinds,
yoni E,- nin E, -5 nisbaton bdyiik oldugu hallarda (E, = const, = E,/E,)

7, - In qiymoti azalir, bu iso paketin yiik gotiirmo qabiliyyatinin azalmasina
sobab olur.

G B
- 5 =
= 5 5.5
I £
& E 5
. 3
2 45 )
o 1 2 3 4 o 1 2 3 4
alpha mu
Sak. 3.
g
]
'S 5
T 4
- T2
L N L ] L L L
1] 1 2 3 4 1 2 3 4
beta garma
Sak. 4. Sak. 5.

Analoji olaraq, sokil 3-do verilon grafikdon aydin olur ki, ¢ =4,/ 4, bo-
yiidiikea (4, = const sorti daxilindo) A4, azalir, naticads paketin yiik gétiirms qa-
biliyyatini toyin edon zaman miiddoti (7, ) azalir vo orta lay daha tez siradan ¢ixir

Dérdiincii gokildoki qrafikdon moalumdur ki, paketin gqalinlig1 yoni, £
boyitidiikco paketin yiik gétiirmo gabiliyyoti artir.

Besinci gokildoki qrafikdon y -nin artmasi ilo haddi vaziyyati daha tez
omolo golir.
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BAPUAIIMOHHBIMI METO/] PEHIEHMSI 3AIAYH ITPEJAEJIBHOT'O
COCTOAHUAA MHOI'OCJIOMHOT'O KOMBUHUPOBAHHO 3AKPEIVIEHHOI'O
HEJIMHEUHO-YIIPYT'OI'O CTEPXKHSI ITPH ITOJI3YUYECTH

IO.H.BABA®A
PE3IOME

HccnenoBana motepsi HECYIIEH CIIOCOOHOCTH TPH IMOJ3Yy4YECTH KOMOWHHUPOBAHHO 3aK-
PEIUIEHHOTO TI0 TOpIlaM HETUHEWHO-YNPYroro MHOTOCIOMHOTO CTEPXHSI ¢ Pa3sHbIMH IO TOJI-
IIUHE CJI0sAMU U3 paSJ'II/lLIH])lX MaTepl/IaJ'IOB. HpI/lHﬂTO, qyTO CJI0OU CTep)KH)I JKECTKO CILCIIJICHBI
Mexay coboi. ITocTaBieHHas 3amava peraetcss MOIU(DUIPOBAHHBIM JJIsl TETSPOTCHHBIX CPENT
BapHaLMOHHBIM METOJIOM CMEUIAHHOTO THIIA B COYETaHUM ¢ MeTooM Penes-Purua. Mcxonupiit
aHaJM3 CBOIUTCS K pPEHICHHO 3amaur Kommw g HelMWHeWHOTro OOBIKHOBeHHOTO auddepeH-
UUAJILHOTO YPaBHEHUsI, Pa3pelieHHOT0 OTHOCUTENIbHO MPOM3BOAHON. 3a HavajgbHOE YCIOBHE
MPUHAMAETCS 3HAYCHHE TPOTHOa, COOTBETCTBYIOIIEE PEIICHUIO HEIMHEHHO-yIPYTOH 3aIadm.
J1st TpeXCIOHHOTO CTep KHS YHUCIICHHO BEISIBIICHO BIMSIHHE (DH3UKO-MEXaHWIECKUX MapaMeTpOB
Ha KPUTHYECKOE BPEMsI BBITYIHBAHNS.

KiiroueBblie ¢j10Ba: MHOTOCJIOMHBIN CTEPKEHD, IIOJA3Y4€ECTh, IAKET, KPUTUYECKAs cuia,
JKECTKOE 3alleMIIeHIEe, KpUTHIECKOe BPeMsl, HETMHEHHOCTh, BapyaIus

THE VARIATIONAL METHOD FOR THE SOLUTION OF A PROBLEM OF A
LIMITING STATE OF A MULTILAYER WITH FORWARD PIN AND FIX END
OF NONLINEARLY ELASTIC ROD AT CREEP

Y.N.BAVAFA
SUMMARY

The loss of the load-carrying capacity of a nonlinearly elastic multilayer rod at creep is
investigated. The layers of rod have various thickness and are made of different materials, the
forward is pined and the others are fixed. Rigid contact conditions between the layers are
assumed. The problem posed is solved by using the variational method of mixed type in
combination with the Rayleigh-Ritz method. The initial analysis is reduced to the solution of
the Cauchy problem for a nonlinear ordinary differential equation solved for the first deri-
vative. As the initial condition, the value corresponding to the decision of a nonlinear-elastic
problem is assumed. The influence of physic mechanical parameters on the critical time of the
buckling is numerically revealed for a three-layer rod.

Keywords: multilayer rod, creep, pocket, critical force, hard restrained, critical time,
non-linear, variation.
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